A formulation of the Horton-Rogers-Lapwood problem for a porous layer inclined with respect to the horizontal and characterized by permeable (isobaric) boundary conditions is presented. This formulation allows one to recover the results reported in the literature for the limiting cases of horizontal and vertical layer. It is shown that a threshold inclination angle exists which yields an upper bound to a parametric domain where the critical wavenumber is zero. Within this domain, the critical Darcy-Rayleigh number can be determined analytically. The stability analysis is performed for linear perturbations. The solution is found numerically, for the inclination angles above the threshold, by employing a Runge-Kutta method coupled with the shooting method.
Introduction
Thermal instability of a fluid saturating a porous layer is a subject that is triggering the attention of geophysicists and applied mathematicians since several decades. The direct interest for geophysical applications was pointed out in such pioneering papers as those by Wooding [1] and Elder [2] . The reason is obvious if one has in mind geothermal sites where thermal buoyancy is responsible for driving the flow of groundwater, due to the higher underground temperature.
The typical situation bringing to an unstable condition is the mechanism of heating-from-below, basically the phenomenon responsible for the activation of the Rayleigh-Bénard instability in a fluid at rest [3, 4] . When applied to a fluid-saturated porous layer, the Rayleigh-Bénard instability yields the formulation of the Horton-Rogers-Lapwood (HRL) problem [5] [6] [7] . The formulation of the HRL problem involves a horizontal porous layer, and a pair of parallel bounding planes which are both impermeable and kept at uniform temperatures, the hotter on the lower side. If this is the classical set-up, many variants have been considered where the bounding planes are assumed to be kept at uniform heat flux, instead of isothermal, and permeable isobaric, instead of impermeable. These variants were considered by Nield [8] , his results being collected in table 6.1 of the book by Nield & Bejan [7] .
Among the alternative boundary conditions for the HRL problem, a special interest is devoted here to the case where the bounding planes are isothermal and isobaric. The main feature, in this case, is that the onset of thermal instability is due to infinite wavelength modes, namely modes with a vanishing wavenumber, and that the critical Darcy-Rayleigh number leading to linear instability is 12 [7] . What is peculiar with this choice of the boundary conditions is that, when the porous layer is rotated from horizontal to vertical, another type of linear instability arises which has been recently reported by Barletta [9] . This is an instability arising with normal modes of perturbation having critical wavenumber 1.05950, and critical Darcy-Rayleigh number 197.081 [9] . What is yet unknown, in the existing literature, is the behaviour of the instability mechanism in the continuous transition from a horizontal layer to a vertical one, where the layer is tilted an angle α to the horizontal and α changes from 0 to π/2. It is our purpose to fill this gap in the current knowledge by investigating this transition.
There are a few papers, closely related to our study, regarding the onset of linear instability in an inclined porous layer with either isothermal-isothermal boundaries [10] , isothermal-isoflux boundaries [11] and isoflux-isoflux boundaries [12] . All these studies regarded cases where the bounding planes were assumed to be impermeable. One of the main features of the inclined layers, when compared to the horizontal ones, is that a basic motionless state is not possible under the above conditions. A basic stationary flow is present, instead. For an infinitely wide inclined layer, the basic flow is parallel and bidirectional, so that a vanishing net flow rate exists [10] [11] [12] . Thus, linear instability emerges as a secondary flow superposed to the basic one.
An important aspect of the study reported in the forthcoming sections is that the onset of instability is activated by the infinite wavelength modes of perturbation, over a wide range of inclination angles α. This behaviour is caused by the persistence of the instability pattern occurring for the horizontal layer. Things change at inclination angles larger than the threshold 0.412260π . Above this threshold, the pattern typical of the vertical layer instability, triggered by finite wave length modes, prevails.
Mathematical model
A Newtonian fluid saturating a plane porous layer with thickness H is studied. Thermal buoyancy is assumed to be the cause of fluid flow in the layer. The two parallel plane boundaries are kept at uniform and constant pressures and temperatures. The layer is inclined an angle α with respect to the horizontal. The classical Rayleigh-Bénard configuration is assumed: the lower boundary y = 0 is held at a temperature T 0 + T while the upper boundary y = H is held at a temperature T 0 . Both these boundaries are maintained at the same constant pressure p 0 , as displayed in figure 1. Darcy's Law is employed to model the local momentum balance equation and the Oberbeck-Boussinesq approximated scheme is adopted. The governing equations describing the flow are the following [7, 11, 12] : where u = (u, v, w) is the velocity vector, (x, y, z) are the Cartesian coordinates, μ is the dynamic viscosity of the fluid, K is the permeability of the porous layer, p is the excess over the hydrostatic pressure, ρ is the fluid density, g is the modulus of gravitational acceleration, β is the thermal expansion coefficient of the fluid, T is the temperature, e x and e y are the unit vectors for the x-and y-directions, t is the time, and p 0 is the constant pressure imposed on the two boundaries. The two parameters σ and χ are, respectively, the heat capacity ratio and the average thermal diffusivity, defined as a combination of the thermophysical properties of the porous medium and of the fluid, namely
where the subscript 's' refers to a property relative to the porous medium, the subscript 'f' denotes a property relative to the fluid, ϕ is the porosity, ρ is the density, c is the specific heat and κ is the thermal conductivity. The thermophysical properties of the porous medium and of the fluid are evaluated at the reference temperature T 0 . We mention that a discussion of applications in geophysics or civil engineering involving the isobaric boundary conditions, invoked in equation (2.1), is available in §2.2.3 of Barletta [9] , relative to the stability analysis of a vertical porous layer.
(a) Dimensionless governing equations System (2.1) can be rewritten in a dimensionless form, namely
∂T ∂t
where the curl of the local momentum balance, Here, the isobaric boundary conditions have been expressed in terms of velocity. In fact, the velocity components u and w are uniform at y = 0, 1, as implied by the local momentum balance, so that at these boundaries the local mass balance equation, V · u = 0, yields ∂v/∂y = 0. The scaling employed to obtain equation (2.3) is
The Darcy-Rayleigh number that appears in equation (2.3) is defined as
The governing equations (2.3) admit the following stationary basic solution:
where the subscript 'b' denotes the basic state. Equation (2.7) describes a parallel flow with zero average velocity. The cause of this buoyant flow is the horizontal component of the temperature gradient implied by the thermal boundary conditions and by the inclination of the layer. In fact, in the horizontal case, α = 0, the fluid is motionless. Just the same basic solution is considered in other previous studies regarding an inclined porous layer [10] [11] [12] . We mention that, in a finite-width shallow layer, equation (2.7) identifies the regime of unicellular flow, far from the boundaries set along the x-direction, where the velocity is a nearly parallel field and the heat flux is uniform and transverse to the layer. This regime of natural convection is termed conduction regime, as the heat transfer across the layer is one of pure conduction.
Linear stability analysis
The linear stability analysis of the basic state given by equation (2.7) requires the redefinition of the velocity and of the temperature as composed by the basic state plus a perturbation, namely
where ε is an arbitrarily small parameter. We assume that the perturbations, U = (U, V, W) and Θ, have the shape of straight rolls. The rolls axes are parallel and lie on the plane (x, z) with an inclination angle π/2 + γ to the basic flow, that is to the x-axis. We mention that γ = 0 defines the transverse rolls, whose axes are parallel to the z-axis. The range 0 < γ < π/2 corresponds to oblique rolls, while γ = π/2 yields longitudinal rolls whose axes are parallel to the x-axis. Following the same method adopted by Rees & Barletta [12] , we impose a rotation of the reference frame (x, y, z) in order to align it with the rolls axes, namelŷ
2)
The components of the velocity perturbation U transform accordingly,
In the rotated reference frame, the rolls are invariant with respect to translations along theẑ-axis. Thus, we conclude that We can rewrite system (2.3) by applying equation (2.7) and (3.1)-(3.4) and by using a streamfunction formulation,Û = ∂Ψ/∂ŷ andV = −∂Ψ/∂x,
where Ψ is the streamfunction. We can also infer that the componentŴ is expressed bŷ
Having assumed that the perturbations have the shape of straight rolls, we can write
where k is the wavenumber, ω is the angular frequency, and η is the growth rate of the perturbation. We recall thatŷ = y, according to equation (3.2) . Then, by substituting equation (3.7) into equation (3.5) we obtain two ordinary differential equations, namely
where the primes denote derivatives with respect to y, and we have set η = 0 as we want to investigate the neutrally stable configuration, i.e. the normal modes with a null growth rate. We now apply a Squire-type transformation [10, 12] to equation (3.8) , in order to reduce the number of governing parameters S = R cos 2 α + sin 2 α cos 2 γ and tan φ = tan α cos γ . (3.9)
Therefore, we obtain the stability eigenvalue problem
Except for the asymptotic solution available for the limiting case of infinite wave lengths, k → 0, the eigenvalue problem (3.10) cannot be solved analytically.
Numerical method
The eigenvalue problem (3.10) features a coefficient explicitly depending on the independent variable y, so that equation (3.10) has to be solved numerically. We employ a numerical solver based on the Runge-Kutta method coupled with the shooting method. The Runge-Kutta method yields a solution of the initial value problem based on equation ( 
The initial condition f (0) = 1 can be imposed because the eigenfunctions f and h are defined up to an arbitrary multiplicative constant, as problem (3.10) is homogeneous. The initial condition h = ξ 1 + iξ 2 contains two unknown parameters, ξ 1 and ξ 2 . The Runge-Kutta method yields the solution ( f , h) of system (4.1) which depends on the following set of six real unknown parameters: (k, S, φ, ω, ξ 1 , ξ 2 ). For any given pair of input values, (k, φ), the shooting method allows one to obtain the remaining four unknown output parameters (S, ω, ξ 1 , ξ 2 ), by employing the four target conditions at y = 1, namely
A neutral stability curve S(k) can thus be drawn for each prescribed value of φ, as reported in figure 2 . As usual for a linear stability analysis, the minimum of the neutral stability curves defines the critical values, k c and S c , for any given angle φ.
Neutral stability curves
A number of neutral stability curves are displayed in figure 2. For φ = 0, the minimum of the neutral stability curve occurs for k = k c = 0. This feature is displayed also for φ > 0 up to a threshold angle, φ = 0.412260π . Above this threshold, the minimum of the curves is displaced to a positive critical wave number, k c > 0. The existence of a parametric domain where the critical wave number is zero, motivates an asymptotic analysis of system (3.10) for vanishingly small values of the wavenumber k. For every angle φ, the lowest branches of neutral stability always correspond to ω = 0, this means that linear instability is always activated by non-travelling normal modes. In figure 2, higher branches of neutral stability are displayed as dashed lines. Among them, that for φ = 0 corresponds to non-travelling modes (ω = 0), while those for φ = π/4 and φ = π/3 involve travelling modes (ω = 0).
(a) Asymptotic solution for infinitely large wave lengths
An analytical solution of equation (3.10) can be obtained in the limit k → 0, under the assumption of stationary normal modes, ω = 0.
The eigenfunctions (f , h) and the governing parameter S are expressed through power series expansions in k
We substitute equation (5.1) into equation (3.10) and we obtain, to order zero,
where the condition f 0 (0) = 1 is meant to break the scale invariance of the eigenfunctions. so that also the condition f 0 (1) = 0 is satisfied. Then, to first order in k, we obtain the system
whose solution is given by
We note that the boundary condition f 1 (1) = 0 is satisfied by equation (5.5). To second order in k, we can write
We omit the explicit expression of the solution of equation (5.6), for the sake of brevity. We just mention that forcing the validity of the missing boundary condition in equation (5.6 yields an explicit expression of S 0 , namely
The values of S 0 are plotted with a dashed-dotted line in figure 3 versus the modified angle φ. To nth order in k, with n > 2, we can write
The solution for n = 3, (f 3 , h 3 ) is obtained analytically. By imposing the condition f 3 (1) = 0, we obtain
Likewise, we proceed with the fourth-order solution and, in this case, the additional boundary condition f 4 (1) = 0 yields We mention that the Squire-type transformation (3.9) implies the relationship S cos φ = R cos α. Therefore, we can conclude that, in the limit k → 0, the neutral stability condition is independent of the angle γ . Thus, longitudinal, oblique or transverse rolls are perfectly equivalent, and the neutral stability condition, for infinitely large wavelengths, can be expressed as
The above equation is perfectly consistent with the results reported in table 6.1 of the book by Nield & Bejan [7] , for the horizontal layer (α = 0), as well as in the paper by Barletta [9] , for the vertical layer (α = π/2). In fact, with α = π/2, the neutral stability curve for the vertical layer yields an infinite R when k → 0 [9] . We recall that the neutral stability condition obtained in the limit k → 0 expresses the minimum of the neutral stability curve S(k) and, hence, the critical condition (k c , S c ) when 0 ≤ φ ≤ 0.412260π . In terms of the angles α and γ , this parametric condition can be reformulated by employing equation (3.9) . A graphical representation of the condition where k c = 0 and R c = 12/ cos α is displayed in figure 4 as a shaded region in the (α, γ ) plane.
Critical values
The minima of the neutral stability curves of figure 2 By employing figure 5 , we can conclude that the transverse rolls, γ = 0, are always the most unstable rolls. We recall that, for the transverse rolls, the Squire transformation (3.9) yields φ = α. In fact, the Squire transformation maps arbitrarily oriented normal modes into equivalent transverse rolls. Thus, in order to display the trend of R c and k c versus α for transverse rolls, one can just take the plots reported in figure 3 with R instead of S and α instead of φ. The critical values of R and k deduced from figure 3 for the horizontal porous layer, α = 0, and for the vertical porous layer, α = π/2, perfectly match those available in the literature [7, 9] From figures 3 and 5, one can easily conclude that the critical value of the Darcy-Rayleigh number R is a monotonic increasing function of the inclination angle α, so that the most unstable configuration turns out to be the horizontal layer (α = 0).
Conclusion
The linear stability analysis of a porous layer subject to uniform pressure and temperature boundary conditions has been carried out. A temperature gap between the boundaries has been prescribed and the porous layer has been assumed to be inclined an angle α to the horizontal. The configuration describes the well-known HRL problem, where the porous layer is bounded by uniform pressure permeable planes instead of impermeable rigid walls. A linear stability analysis of this configuration has been carried out by employing both analytical and numerical methods.
In particular, an analytical asymptotic solution of the stability eigenvalue problem has been found Data accessibility. This article has no additional data. Authors' contributions. The contribution of the two authors has been equivalent.
Competing interests. We declare we have no competing interests.
Funding. Funding for this article has been received from Alma Mater Studiorum Università di Bologna.
